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Criteria are established for the definition of the mean characteristic eigenvalue, Ao, of a
system of coupled harmonic oscillators. The first criterion is that 4, lead to a convergent series
for the zero point energy of the systems; the second criterion is that 4, be obtained directly from
the matrix elements of the equations of motion, without solution for the individual eigenvalues.
Two general types of Ag’s are found and their properties are discussed. Detailed application
is made to the zero point energy differences of the isotopic methanes, ethylenes and benzenes.

Introduction

If it is possible to define a mean characteristic eigen-
value, 1y, for the molecular vibrations of a polyato-
mic molecule such that

0 <plhy <2

for all eigenvalues 1; of the molecule, then it is pos-
sible to express the total zero point energy of the mo-
lecule in terms of the moments of the eigenvalues and
the characteristic eigenvalue 1,. This theorem follows
directly from the Taylor series expansion for the zero
point energy

(-1)P*1(2p-2)!
f0.= 45w, Z T Z 22~1(p-1 1(1!7 1)'(p)' O .
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given by BIGELEISEN and GoOLDSTEIN 1. In equation (1)
the defined quantities are:

k = lk/}'(" lk = w2k ner’k )

and ¢, is the total zero point energy. Apart from 1, or
w, all the terms on the right hand side of Eq. (1) are
given directly by the moments of the eigenvalues of
the secular equation for the molecular vibrations.
These are related to the widely used Wilson F and G
matrices through the relations 2

3n—6
Z lk = (H )u z ((GF)")" (2)
which follow from
H» Ak = lk” Ak . (3)

The components of the vector A, give the transfor-
mation of the coordinate system used in the definition
of the G and F matrices to normal coordinates.

The advent of high speed computers provides a
facile and accurate method for the numerical calcula-
tion of the eigenvalues, 1, for a polyatomic molecule.
Any interest in a method such as Eq. (1) then must
come from the physical insight which it can provide.
An example of the latter was the derivation of the
Bernstein parabolic rule for a constitutive property 3 4

Pcxy _pY, = Poxg + Z—(Pcm — Pcxy + 8 Axy)

_ P Axy
2 (4)
Truncation of Eq. (1) at p = 2 served to evaluate

Axy = 3a/w, (5)

when P is the zero point energy and X and Y are
isotopes of the same element . The quantity « intro-
duces no new parameters beyond 1, and is related to
the masses of X and Y, and the axy cartesian force
constant by 1

= (1/124y) (mx* — myY)mxtaxy®>.  (6)

Similar to the linear law for the zero point energies
of isotopic homologues, there exists the equivalence
law for isotopic isomers 156, The usefulness of the
Taylor series expansion method for the zeropoint
energy would be increased if one could find systema-
tic methods for the choice of 1, which are related to
the G and F matrices and which are consistent with
the convergence requirement,
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Mean Characteristic Eigenvalue

One can write an equation identical to Eq. (1) for

each individual eigenvalue. The value of X which giv-

es convergence for Amax, the maximum eigenvalue,

will also give convergence for all eigenvalues, since

0 < 2 < Apax for stable molecules. But 4, is less
than either the row sum or column sum of the H mat-

rix.
j~max = z bii ’
i
<Y by
Ji

We are thus led to define the minimax A, 4oy

} min [max > h;;, max > hb;] .
i 7

2
Amax

kot =

The minimax Ay; guarantees the convergence of (1)
through the requirement o < 2;/4, < 2. Thus the de-
finition of Ay plays a similar role in the relationship
of the zero point energy to the F and G matrices as
it does in the PEEP method for the evaluation of re-
duced partition functions 7.

If the H matrix is a diagonal matrix, i.e. we are
using normal coordinates, then the minimax defini-
tion of 1, becomes

Aoz = ¥ max by;.

If the coordinate system chosen has small off diagonal
elements in the H matrix, e.g. internal coordinates,
then the definition of Agp2 will not differ much from
Lo1 and we expect these A¢’s to give similar conver-
gence properties.

We shall now investigate an interesting property of
the p = 2 term when an equation similar to Eq. (1) is
written for the zero point energy difference between
two polyatomic molecules with a common A, The
p=2termis (b wy/2) (-1|8) [Z 8424y — 2 Z6A/4]
where 01, = 1" — 2; and 012 = A2 - A2
If 4, is defined as

Mg = 2 042 12264;

then the p = 2 will vanish identically for ey =25 2
(w;" = w;). Such a series will have interesting conver-
gence properties. We now investigate the convergence
of the series related to Ag3. The sums =012 and ZdA;
can be given explicitly through the use of cartesian
force constants and atomic masses 8. The convergence
requirement for Ag, is
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sk 2ATH)
2 T = sz <
But

(2042 = (ui — w)* a;; - @,
2018 = (,Hi'z - uf) Q- a; + 2 (,“i’ - wi) 2u; it

Since

2 (u — w) Su; - a;® is positive
Zoat 2 (ui® - uf) @ - @

Thus

Sl = 2 -p)/(W+p) = 2(m-m’)/(m+m') .
But (m-m)/(m+m’) <1 since m>m’. Therefore the
definition 4, 4 suffices for the convergence of Aeg,.

On the other hand the definition 4, = 312/23%;
does not lead to the convergence of &, This follows
directly from

Shfhe =2 (Z1)¥Zi2 <2 and Ji2 = SH?;,
(24,2 =(2H) (ZH,) = ZH;? + 22H ;H;; .

The definition A3 leads to a rather naturally anti-
cipated value for a system of isotopic diatomic mole-
cules.

hog (diatomic) = % (1" + 2).

We are now led to suggest two additional definitions
of A9 which are related to A3 by successive neglect of
off diagonal elements.

hs = 62 (H;)*/202Hy;,
M5 = 2 (G - G;?) Fi 2122 (G'ij — Giy)Fi; .

We have proven the convergence of A¢3 without ex-
clusion of off diagonal elements. Even in that case, Ag3
could be decreased by a factor of 2 without leading
to divergence. It has been found that off diagonal
elements contribute of the order of 10-20 % to 384;
and 3§42 for hydrogen-deuterium substitution®. Thus
the convergence proof of Ags ist adequate to establish
convergence with Ags and Ag; when internal coordin-
ates are used for the construction of the F and G ma-
trices.

The definition Ags has an interesting physical inter-
pretation. It represents a mean of the sums of the
eigenvalues of the two isotopic molecules, weighting
each H;; element by the amount it contributes to 'd4.
The weighting factor is (G';; — G;;)F; .
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Convergence Properties are calculated with the Jones-McDowell F and G ma-
trices 1.
The general convergence features of Eq. (1) have
been studied previously 5. If X >> 1, then the series Table I. Exact Harmonic Zero Point Energy Differences of
oscillates. If X <1, it approaches the limit monotoni- the Isotopic Methanes.
cally. Whether the series for the zero point energy

difference will oscillate for a polyatomic molecule Isotopic Pair AZPE (cur)
will depend on the relative contribution of high and CH,-CH,D 646.38
l(?w fr;quenlfies. to dep. i}ltplici(tl Cél;;latiors hlavi b;;n g:i)CH’D,- 5, 22;2;
given r1or the 1sotopic 2 an 4 r'no ecules °. [ CI'H),-CD; 677.13
shall compare the convergence properties of Ay — A3  CH,D-CHD, 1324.39
for the isotopic methanes in Tables I-VII. All values CH¢CD4 2647.90

Table II. Taylor Series Expansion of the Zero Point Energy Differences of the Isotopic Methanes .

vo < (27) (Amax/2)b = 2250 cm
100 [AZPE (p) - AZPE(exact)]/AZPE(exact)

P
Isotopic Pair 1 2 3 4 5 6
CH,-CH,D 0.14 -13.44 -0.60 -4.76 0.13 -2.15
CH;D-CH,D, -1.53 -14.53 -1.64 -5.48 -0.48 -2.57
CH,D,-CHD, -3.06 -15.52 -2.55 -6.09 -1.00 -291
CHD,-CD, -4.45 -16.40 -3.36 -6.60 -1.43 -3.17

Table III. Taylor Series Expansion of the Zero Point Energy Differences of the Isotopic Methanes.

Yo = (22) (1/2 min [max (¥ Hij), max (T H;)])}
100 (AZPE (p) - AZPE(;xact))/AZPE(exact)

Isotopic Pair Yo 1 2 3 4 5 6

CH,-CH,D 2222 1.40 -13.98 0.24 -5.18 0.74 -2.53
CH,D-CH,D, 2211 0.23 -15.29 -0.41 -6.06 0.42 -3.10
CH,D,-CHD, 2199 -0.80 -16.49 -0.92 -6.84 -0.24 -3.62
CHD,-CD, 2187 -1.70 -17.58 -1.28 -7.53 0.19 -4.08

Table IV. Taylor Series Expansion of the Zero Point Energy Differences of the Isotopic Methanes.
ez = (27) (1/2 max (Hig))h = 2230.6

100 (AZPE (p) - AZPE(exact))/ AZPE(exact)

P
Isotopic Pair 1 2 3 4 5 6
CH,-CH,D 1.03 -13.81 -0.02 -5.05 0.55 -2.40
CH,D-CH,D, -0.67 -14.89 -1.06 -5.73 -0.07 -2.79
CH,D, -2.21 -15.86 -1.97 -6.33 -0.58 -3.12
CHD, -3.62 -16.72 -2.77 —-6.82 -1.00 -3.37

Table V. Taylor Series Expansion of the Zero Point Energy Differences of the Isotopic Methanes.

Vo3 = (27)1 [1/2 3 82:2/844]%
100 (4ZPE (p) - AZPE(exact))/AZPE(exact)
P
Isotopic Pair vy 1 2 3 4 5 6
CH,-CH,D 2537 -11.18 -11.18 -5.65 —4.23 -2.66 -1.91
CH,D-CH,D, 2530 -12.42 -12.42 -6.67 -5.11 -3.38 -2.50
CH,D,-CHD, 2523 -13.54 -13.54 -7.57 -5.89 -3.99 -3.00

CHD,;-CD, 2516 -14.54 -14.54 -8.36 -6.54 —4.49 -3.40
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Table VI. Taylor Series Expansion of the Zero Point Energy Differences of the Isotopic Methanes.

vos = (27)t [1/2 6Z Hii?/0Z Hisld

100 (4ZPE (p) - AZPE(exact))/AZPE (exact)
P

Isotopic Pair Yo 1 2 3 4 5 6

CH,-CH,D 2526 -10.80 -11.18 -5.53 -4.19 -2.60 -1.87
CH,D-CH,D, 2521 -12.11 -12.42 -6.57 -5.08 -3.32 -2.47
CH,D,-CHD, 2516 -13.29 -13.54 -7:49 -5.85 -3.94 -2.97
CHD,;-CD, 2510 -13.07 -13.26 -8.29 -5.11 -3.02 -1.92
CH,;D-CHD, 2518 -12.71 -12.98 -7.04 -5.47 -.3.63 -2.72
CH,-CD, 2518 -12.66 -12.94 -6.99 -5.43 -3.54 -2.68

Table VII. Taylor Series Expansion of the Zero Point Energy Differences of the Isotopic Methanes.

vos = (27)1 [1/2/03G;j*F; 2/03 Hyi]%

100 (4ZPE (p) — AZPE(exact))/AZPE(exact)
P

Isotopic Pair Vo 1 2 3 4 5 6

CH,-CH,D 2521 ~10.60 -11.19 -5.47 -4.17 -2.57 -1.85
CH,D-CH,D, 2517 -11.97 -12.42 -6.53 -5.06 -3.30 -2.45
CH,D,-CHDy 2513 -13.21 -13.54 -7.46 ~5.84 -3.93 -2.96
CHD,-CD, 2510 -14.33 -14.54 -8.28 -6.51 —4.45 -3.37
CH,D-CHD, 2515 -12.60 -12.98 -7.00 -5.41 ~-3.61 -2.71
CH,-CD, 2515 -12.55 -12.95 -6.96 -5.45 -3.57 -2.67

We note by comparison of Tables III and IV and
V, VI and VII respectively that the off diagonal ele-
ments have little effect on the value of 4, and the con-
vergence properties. When 4; < ],.. the series oscil-
lates. On the other hand when the p = 2 term is set at
or near zero (Ag3, Aos, Ags) the series is a monotonic
one.

In the use of Eq. (1) it is advantageous to choose

a separate 4, for each common symmetry type. We il-
lustrate this by the calculation of the zero point ener-
gy differences of the isotopic ethylenes in Table VIII
and the isotopic benzenes in Table IX. The common
symmetry classes are the planar and non-planar ones.
The F and G matrices for ethylene and benzene are
those from ARNETT and CRrAWFORD ! and MILLER
and CRAWFORD 12 respectively.

Table VIII. Zero-Point Energy Differences of the Isotopic Ethylenes.

Yoy = (27) [1/2 TOA#/Z04]4

xact P
Isotopic Pair Value cm™ Yo 1 2 3 4 5 6
A) Planar modes
CoHy4-CoHsD 560.06 2536.6 -12.43 -12.43 -7.82 -6.32 -4.80 -3.89
C,H,D-cis C,H,D, 561.59 25257 -12.30 -12.30 -7.75 -6.29 -4.80 -391
C,H,D-gem C,H,D,  563.11 2529.6 -12.67 -12.67 -8.01 -6.43 -4.88 -391
C,H,D-trans C,H,D,  561.20  2534.3 -12.53 -12.53 -7.88 -6.35 -4.81 -3.89
cis C,H,D,-C,HD, 564.12  2527.4 -12.75 -12.75 -8.06 —6.45 -4.88 -3.90
gem C,H,D,-C,;HD, 562.61 2523.4 -12.37 -12.37 -7.80 -6.31 -4.80 -3.90
trans C,H,D,-C,HD, 56451 25187 -12.51 -12.51 -7.93 -6.38 —4.87 -392
C,HD;-C,D, 565.42 2516.4 -12.57 -12.57 -7.97 -6.40 -4.87 -391
B) Non-Planar modes
C,H,-C,H,D 83.84 903.2 -0.73 0.73 -0.03 -0.02 0.00
C,H;D-cis C,H,D, 86.07 881.8 -0.96 -0.96 -0.03 -0.04 0.00
C,H,D-gem C,H,D, 84.57 900.7 1,33 -132 -0.05 -0.06 0.00
C,H,D-trans C,H,D,  88.97 857.0 -1.40 -1.40 -0.05 -0.06 0.00
cis-C,H,D,-CHD, 89.35 854.3 1.52 -152 0.00 -0.06 0.00
gem C,H,D,-C,HD, 90.85 834.4 -0.84 -0.84 0.00 -0.03 0.00
trans-C,H,D,-C,;HDjy 86.46 879.3 -1.12 -1.12 -0.02 -0.03 0.00
C,HD,-C,D, 91.03 831.6 -0.70 -0.70 -0.03 -0.02 0.00
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Table IX. Zero Point Energy Differences of the Isotopic Benzenes.

voy = (27)1 [1/2 204/ 20413
Isotopic Pair Exact P

Value cm™ Vo 1 2 3 4 5 6

A) Planar modes
C¢H,y-C,H,D 582.0 2510 -14.47 -14.47 -9.40 -7.60 -5.80 -4.67
C¢HsD-0-CgH4D2 582.2 2510 -14.50 -14.50 -9.43 -7.62 -5.83 -4.69
CgHsD-m-CgH4D2 582.1 2510 -14.48 -14.48 -9.41 -7.61 -5.81 -4.68
C¢HsD-p-CgH4D2 582.1 2510 -14.48 -14.48 -9.40 -7.60 -5.81 -4.68
0-CgH4D2-v-CgHsD3  582.3 2510 -14.51 14.51 -9.44 -7.63 -5.84 -4.70
0-CgHgD2-a-CgHsDs3 582.2 2510 -14.49 -14.49 -9.42 -7.61 -5.82 -4.69
0-CgH4Dg-s-CgHsD3 582.1 2510 -14.48 ~14.48 -9.40 -7.60 -5.81 -4.68
m-CgHDg-v-CgH3D3 ~ 582.4 2510 -14.53 -14.53 -9.46 -7.65 -5.85 -4.71
m-CgHyDg-a-CgH3D3 5823 2510 -14.51 -14.51 -9.43 -7.63 -5.84 -4.70
m-CgHyDg-s-C¢HsD3 ~ 582.2 2510 -14.49 -14.49 -9.42 -7.62 -5.82 -4.69
p-CeHsDo-v-CgH3D3  582.4 2510 -14.53 -14.53 -9.46 -7.65 -5.86 -4.72
p-CeHyDg-a-C¢HsD3  582.3 2510 -14.51 -14.51 -9.44 -7.63 -5.84 -4.70
p-CeHsDg-s-CgHsD3  582.2 2510 -14.50 -14.50 -9.42 -7.62 -5.83 -4.69
v-CgH3sDg-0-CgHeDy  582.4 2510 -14.52 -14.52 -9.44 -7.64 -5.84 -4.71
v-Cg¢H3D3-m-CgHgDy  582.2 2510 -14.50 -14.50 -9.43 -7.62 -5.83 -4.70
v-C¢H3Ds-p-C¢HoDs4  582.2 2510 -14.49 -14.49 -9.42 -7.62 -5.83 -4.69
a-CgHsDs3-0-C¢HoD4 5825 2510 -14.54 -14.54 -9.47 -7.66 -5.86 -4.72
a-CgH3D3-m-CgHsDy  582.4 2510 -14.52 -14.52 -9.45 —7.64 -5.85 -4.71
a-CeHsD3-p-C¢HsD4  582.4 2510 -14.52 -14.52 -9.44 -7.64 -5.84 -4.71
s-CgHsDs-0-CgHzDy4 582.6 2510 -14.55 -14.55 -9.48 -7.67 -5.87 -4.73
s-CgHsD3-m-CgHaDy 582.5 2510 -14.53 -14.53 -9.46 -7.66 -5.86 -4.72
s-C¢HsD3-p-CeHeDs  582.4 2510 -14.53 -14.53 -9.46 -7.65 -5.86 -4.72
0-CgHsD4-CgHD5 582.4 2510 -14.53 -14.53 -9.45 -7.65 -5.85 -4.72
m-CgHzDy4-CeHDj3 582.5 2510 -14.54 -14.54 -9.47 -7.66 -5.86 -4.73
p-CeHpD4-C¢HD5 582.6 2510 -14.55 -14.55 -9.48 -7.67 -5.87 -4.73
CgHD3-CgDg 582.6 2510 -14.55 -14.55 -9.48 -7.67 -5.87 -4.74
B) Non-Planar Modes
CeHg-CeH;D 106.9 796.6 -6.52 -6.52 -230 -1.93 -1.08 -0.84
CgHsD-0-CgH4D2 107.1 792.1 -6.17 -6.17 -2.43 -1.87 -1.11 -0.82
C¢HsD-m-CgHyDs 106.9 796.5 -6.54 —6.54 232 -1.93 -1.07 -0.81
CgH3sD-p-CgH4D2 107.0 795.7 -6.49 —6.49 -2.31 -2.03 -1.20 -0.96
0-CgHDg-v-CgH3D3  107.2 792.0 -6.20 -6.20 -2.45 -1.87 -1.10 -0.81
0-CgHDs-a-CgHsDsg  107.0 795.6 -6.51 -6.51 232 -2.02 -1.19 -0.93
0-CgH4Ds-s-CgH3D3 106.8 800.9 -6.94 -6.94 -2.25 -1.97 -1.03 -0.78
m-CgHyDe-v-CgHsDs  107.3 787.5 -5.81 -5.81 -2.60 -1.80 -1.15 -0.81
m-CgHyD2-a-CgH3sD3  107.2 791.1 -6.13 -6.13 -2.44 -1.97 -1.23 -0.94
m-CgHyDe-s-CgHsD3  107.0 796.5 -6.57 -6.57 -2.34 -1.93 -1.06 -0.79
p-CeHyDo-v-C¢H3D3  107.3 788.4 -5.87 -5.87 -2.60 -1.70 -1.02 -0.67
p-Ce¢HyDg-a-C¢HsD3  107.1 792.0 -6.19 -6.19 -2.45 -1.87 -1.10 -0.80
p-CgHyDe-s-C¢HsD3 106.9 797.4 -6.63 -6.63 -2.35 -1.83 -0.93 -0.65
v-Ce¢HyDg-0-C¢H3sD3  107.2 791.0 -6.16 -6.16 -2.45 -1.96 -1.21 -0.92
v-C¢HyD2-m-CgH3D3  107.1 795.5 -6.54 -6.54 233 -2.02 -1.17 -091
v-C¢HyDg-p-Ce¢H3D3  107.1 794.6 -6.47 —-6.47 -2.31 -2.10 -1.29 -1.05
a-CgHyDg-0-CgH3D3  107.4 787.4 -5.84 -5.84 -2.61 -1.79 -1.13 -0.79
a-CgHyDg-m-CgHsD3  107.2 791.9 -6.22 -6.22 247 -1.87 -1.08 -0.78
a-C¢HyD2-p-Ce¢H3D3  107.2 791.0 -6.15 -6.15 245 -1.96 -1.21 -0.92
s-CgHgD2-0-CgH3sD3 107.6 782.0 -5.38 -5.38 -2.78 -1.79 -1.34 -0.92
s-CgH4D2-m-C¢HsD3  107.4 786.5 -5.78 -5.78 -2.60 -1.89 -1.27 -0.93
s-CgH4Dg-p-CgH3Ds3 107.5 785.6 -5.70 -5.70 -2.59 -1.98 -1.40 -1.06
0-CgH4D2-CgHDs5 107.3 791.0 -6.19 -6.19 -2.46 -1.95 -1.19 -0.90
m-CgH4D2-C¢HDs5 107.5 786.4 -5.80 -5.80 -2.61 -1.87 -1.24 -0.90
p-CgH4Dg-CsHDj5 107.4 787.3 -5.87 -5.87 -2.62 -1.78 -1.12 -0.77
C¢HD;-C,D, 107.5 786.4 -5.83 -5.83 -2.61 -1.86 -1.22 -0.88
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